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1. INTRODUCTORY REMARKS AND DEFINITIONS 
For a continuous complex-valued function f defined on a compact set E 
in the plane and for n E Zf = (0, 1, 2,...}, let Pn( f, E) denote the polynomial 
of degree n of best uniform approximation to f on E and let 
Pn(f, a = n&y If(z) - PnM ma = Ilf- Pn(f, -mE. 
Also, iff is not itself a polynomial of degree n on E, let 
Since the functions {pn(f, E)}EO are all of (uniform) norm one on E, a 
question which naturally arises is whether or not these functions converge on 
E, and if they do (or don’t), what this implies about the function f with 
respect to the set E. In particular, we shall restrict ourselves to the unit 
circle U. The following examples will serve to shed light on the above question 
in this special case. 
2. EXAMPLES 
Let f(z) = l/(z - a) and as above, let U = {I z 1 = l}. There are two 
cases. 
Case 1 [I]. If I a I > 1, then &f, U)(z) = eiem(l - Gz)/(z - a), where 
8, = -92 - arg (a). 
Case 2 [4]. If I a I < 1, then p,(f, U)(z) = (1 - Zz)/(z - a), for all n. 
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Thus we see that in Case l., the sequence {&f, U))c=,, does not converge 
on CJ while in Case 2., it does. On the basis of these examples one might 
guess that iffis not analytic for 1 z / < 1 then this sequence converges, and 
conversely. Also, one might ask if the total change in the argument of 
&f, U)(z) on U tends to co as n increases iff is analytic for 1 z j < I, and 
again conversely. Our first theorem partially answers the first of these two 
questions. 
3. MAIN RESULTS 
THEOREM 1. Iff(z) is analytic in the unit disk D -2 {I z 1 < l} and con- 
tinuous in D and not itself a polynomial, then the sequence {pJf, U)>~zo d es 
not converge uniformly on U. 
Proof. By our hypothesis the functions {pCln(f, U)}T=,, are analytic in D and 
continuous in D. Consequently, if this sequence of functions were to con- 
verge uniformly on U to some function L(z), then this function would like- 
wise be analytic in D and continuous in D. Furthermore, by a theorem of 
Walsh [5, p. 361, the function L(z) would be the uniform limit of polynomials 
on Uand so for any E, 0 ( E < 1, there exists an NE Zf and polynomial qN 
of degree N such that 
II L(z) - pdf, W(Z)ll” < 42 and II L(z) - q&~lI~ < 1 - E. 
It then follows that 
II pN(f, U)(z) - qN(z)IIU < 1 - 42, which implies: 
llf(4 - PdJ; w4 - PALL U) 9dz)IIu < (1 - 4) PA4.L w, 
contrary to the definition of pn(f, U) and our assumption that f is not a 
polynomial. 
The following corollary follows by the method of proof of Theorem 1. 
COROLLARY. Suppose f(z) is a function continuous on U and not itself a 
polynomial. If the sequence {&f, U)(z)}~=, converges uniformly on U to a 
function L(z) then pJL, U) = 0 for all n. 
Using the above corollary we can further characterize the limit function 
(if it exists) of the sequence {pn(f, U)}zSp=, , but first we require the following: 
LEMMA. If G(z) is continuous on U and p,(@, U) = 0 for all n, then 
I $(z)l = Kfor all z E U andfor some constant K 3 0. 
ON THE BEHAVIOR OF BEST UNIFORM DEVIATIONS 389 
Proof. Suppose for some z0 E U, 1 @(z,)[ < /I @ lIU. Then there exists an 
open connected arc I’ C U such that for z E r, Q(z)1 < I/ @ I] U - E for some 
E > 0. Now U - r is a closed connected arc on which @ is continuous, and 
so by 15, p, 361 there exists polynomial q&z) of some degree N for which 
/I a(z) - qN(z)j(U--T < /I @ IlLI - E. Choosing h, 0 < h < 1, such that 
h II ar II u < 42, we have 
and 
II @ - hN lb < II @ l/r + x II qN l/u < II @ l/u - 42. 
Thus, II@ - hq, lILi < j[ @ IILI and so pN(@, U) + 0 contradicting our hypo- 
thesis. 
THEOREM 2. Suppose f (z) is continuous on U and not itself a polynomial. 
If the sequence {p,(J; W>L conoerges uniformly on U to L(z), then I L(z)/ = 1 
for all z E U. Furthermore, iff (z) is in addition meromorphic in ii then L(z) is 
of the form 
L(z) = eiazt fi [(l - sjz)/(z - aj)], 
where t E Z+, I aj ( # 1 for j = 1, 2 ,..., k, and where ( a, j < 1 for at least 
one j. 
Proof. By the corollary to Theorem 1, p,(L, U) = 0 for all n E Zf, and so 
the first part of our theorem follows from the previous lemma. If, in addition, 
f(z) is meromorphic in b then so is L(z) and thus L(z) cannot be analytic in 
B for otherwise this would mean that for some n, p,(L, U) + 0. Finally, one 
can easily show, using R6uche’s Theorem, for instance, that a function 
meromorphic in D and having constant modulus one on U must be of the 
desired form. 
4. REMARKS 
Whether or not the converse of Theorem 1 is true is still open as is the 
question relating the behavior of the argument of&f, U) with the analyticity 
off inside U. However, Theorem 2 suggests that the long-standing result of 
Caratheodory and Fejer [3] (also see [2]) concerning k-fold restricted poly- 
nomials may be generalized to include best approximation to rational func- 
tions. 
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